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AREA-STATIONARY AND STABLE SURFACES OF CLASS C1
IN THE SUB-RIEMANNIAN HEISENBERG GROUP H1
MATTEO GALLI AND MANUEL RITORÉ
ABSTRACT. We consider surfaces of class C1 in the 3-dimensional sub-Riemannian Heisenberg group
H
1. Assuming the surface is area-stationary, i.e., a critical point of the sub-Riemannian perimeter
under compactly supported variations, we show that its regular part is foliated by horizontal straight
lines. In case the surface is complete and oriented, without singular points, and stable, i.e., a second
order minimum of perimeter, we prove that the surface must be a vertical plane. This implies the
following Bernstein type result: a complete locally area-minimizing intrinsic graph of a C1 function
in H1 is a vertical plane.
1. INTRODUCTION
Variational problems related to the sub-Riemannian perimeter introduced by Capogna, Danielli
and Garofalo [10] (see also Garofalo and Nhieu [30] and Franchi, Serapioni and Serra-Cassano
[25]) have received great interest recently, specially in the Heisenberg groups Hn. The recent
monograph [11] provides a quite complete survey of recent progress on the subject. Crucial open
questions in this theory are the optimal regularity of minimizers, and their characterization under
reasonable regularity assumptions.
The optimal regularity of perimeter minimizing sets in Hn is still an open question. The bound-
aries of the conjectured solutions to the isoperimetric problem are of class C2, see [11], although
there exist examples of area-minimizing horizontal graphs which are just Euclidean Lipschitz, see
[16, 38, 42]. Cheng, Hwang and Yang [16, Thms. A, B] proved existence and uniqueness of
t-graphs which are Lipschitz continuous solutions of the minimal surface equation in Hn under
given Dirichlet conditions in a p-convex domain. Pinamonti, Serra Cassano, Treu and Vittone [41,
Thm. 1.1] have obtained existence and uniqueness of t-graphs on domains with boundary data
satisfying a bounded slope condition. They also showed that, under this condition, Lipschitz reg-
ularity is optimal at least in the first Heisenberg group H1, [41, Example 6.5]. The bounded slope
condition was also considered in a previous paper by Pauls [39]. Capogna, Citti and Manfredini
[8] have proven that the intrinsic graph of a Lipschitz continuous function which is a vanishing
viscosity solution of the sub-Riemannian minimal surface equation in H1 is of class C1,α and it is
foliated by characteristic straight lines. A vanishing viscosity solution is nothing but a uniform
limit of Riemannian minimal graphs uniformly bounded in Lipschitz norm. The same authors
obtained higher regularity in Hn, n> 1, in [9].
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Area-stationary surfaces of class C2 in H1 are well understood. The regular set of such sur-
faces is known [14, 44] to be ruled by characteristic segments. The singular set was completely
described by Cheng, Hwang, Malchiodi and Yang [14], who proved that it is the union of isolated
points and C1 curves. The area-stationarity condition implies, in addition to have mean curva-
ture zero, that the characteristic curves meet orthogonally the singular curves. This was proved
for area-minimizing t-graphs by Cheng, Hwang, and Yang [16], and for general area-stationary
surfaces by Ritoré and Rosales [44], who used this condition to describe the C2 critical surfaces
of the sub-Riemannian area in H1 under a volume constraint.
Bernstein type problems for C2 surfaces in H1 have also received a special attention. In [14], a
classification of all complete C2 solutions to the minimal surface equation for t-graphs in H1 was
given. In [44], this classification was refined by showing that the only complete area-stationary
t-graphs are Euclidean non-vertical planes or they are congruent to the hyperbolic paraboloid
t = x y . By means of a calibration argument it is also proved in [44] that they are all area-
minimizing. A classification of C2 complete, connected, orientable, area-stationary surfaces with
non-empty singular set was obtained in [44]: the only examples are, modulo congruence, non-
vertical Euclidean planes, the hyperbolic paraboloid t = x y , and the classical left-handed mini-
mal helicoids. In [18] and [3] the Bernstein problem for intrinsic graphs in H1 was considered.
The notion of intrinsic graph is the one used by Franchi, Serapioni and Serra Cassano in [25].
Geometrically, an intrinsic graph is a normal graph over some Euclidean vertical plane with re-
spect to the left invariant Riemannian metric g in H1. A C1 intrinsic graph has empty singular
set and so the stationarity condition is equivalent to have the surface ruled by horizontal straight
lines. Many examples of C2 complete area-stationary intrinsic graphs different from vertical Eu-
clidean planes were found in [18]. A remarkable difference with respect to the case of t-graphs
is the existence of complete C2 area-stationary intrinsic graphs which are not area-minimizing,
see [18]. In [3], Barone Adesi, Serra Cassano and Vittone classified complete C2 area-stationary
intrinsic graphs. Then they computed the second variation formula of the area for such graphs
to establish that the only stable ones, i.e., with non-negative second variation, are the Euclidean
vertical planes. An interesting calibration argument, also given in [3], yields that the vertical
planes are in fact area-minimizing surfaces in H1. Later on, using similar techniques, Danielli,
Garofalo, Nhieu and Pauls [20] proved that embedded stable complete surfaces without singular
points were vertical planes. The following natural step was to consider complete stable surfaces
in H1. Finally in [33], Hurtado, Ritoré and Rosales proved that the only complete, orientable,
connected, stable area-stationary surfaces in H1 of class C2 are the Euclidean planes and the sur-
faces congruent to the hyperbolic paraboloid t = x y . General first and second variation formulas
of the sub-Riemannian area, moving the singular set, in pseudo-hermitian 3-manifolds have been
obtained by the first author in [27], also providing a classification [27, Thm. 10.10] of com-
plete oriented C2 stable surfaces in the roto-translational group, the group of rigid motions of
the Euclidean plane. Classification results for C2 complete oriented CMC stable surfaces with-
out singular points in 3-dimensional Sasakian sub-Riemannian manifolds have been obtained by
Rosales [45, Corollary 6.9]. A CMC stable surface is a constant mean curvature surface with
non-negative second variation of the area under a volume constraint. The first author has also
considered the case of the sub-Riemannian Sol manifold, providing several results concerning
complete C2 area-stationary and stable surfaces [28].
In recent papers, Cheng, Hwang and Yang [17] and Cheng, Hwang, Malchiodi and Yang [15]
have considered the case of t-graphs in H1 of class C1 which are weak solutions of the minimal
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surface equation. This condition turns out to be equivalent to be a critical point of the sub-
Riemannian perimeter under variations by t-graphs. In particular they showed that the regular
set of such a graph is foliated by characteristic straight lines [17, Thm. A]. In the minimal case,
this result generalizes a previous one by Pauls [40, Lemma 3.3] for H-minimal surfaces with com-
ponents of the horizontal Gauss map are in the class W 1,1. A quite complete description of the
singular set of a t-graph of class C1 which is a weak solution of the minimal surface equation was
given in [15, Thm. C]: it is composed of isolated points and continuous curves and it is locally
path connected. Several curves may meet at a singular point. The key tool is the Codazzi type
equation
DD′′ = 2 (D′ − 1)(D′ − 2)
satisfied by the sub-Riemannian area element D = |Nh|/〈N , T 〉 along characteristic curves, see
Remark 4.7. Under non-degeneracy conditions, the regularity of the characteristic curves can be
improved to C1 and an equal angle condition for characteristic curves meeting the same singular
(non-degenerate) point can be established, see [15, Thms. G, G’].
In this paper we are interested in the Bernstein problem for intrinsic graphs of class C1. First
we need to extend Pauls and Cheng, Hwang and Yang characterization of characteristic curves to
arbitrary area-stationary surfaces of class C1. Throughout this paper, an area-stationary surface
will be a critical point of the perimeter under any variation induced by a vector field in H1 with
compact support. After deriving the first variation formula for the sub-Riemannian area with a
boundary term in Lemma 3.2, we use Killing fields for the left-invariant Riemannian metric in H1
(that preserve the sub-Riemannian perimeter) to obtain formula (3.6) in Lemma 3.6. Formula
(3.6) is similar to the flux formula obtained by Korevaar, Kusner and Solomon for constant mean
curvature hypersurfaces in Euclidean space [35], and can be thought of as a special geometric
version of the classical Noether’s Theorem in Calculus of Variations. We remark that a balancing
law for t-graphs of class C1 was obtained by Cheng, Hwang and Yang [17, Lemma 2.1], and
that our arguments allow us to obtain theirs, see Remark 3.4. The authors tried to use formula
(3.6) to extend [17, Thm. A] to arbitrary surfaces of class C1 using different Killing vector fields.
Unfortunately, the technique does not seem to work. With a different proof, localizing the first
variation formula on characteristic curves, they shall prove in Theorem 3.5
The regular part of a C1 area-stationary surface Σ ⊂H1 is foliated by horizontal
straight lines.
This result has been extended by the authors to surfaces with prescribed mean curvature in [29].
Once we know about the structure of the regular set of an area-stationary surface of class C1,
we want to consider the second variation of these surfaces. Let us consider an oriented surface
Σ ⊂ H1 of class C2 with unit normal N and horizontal unit normal νh, and let U be a horizontal
vector field whose support does not contain singular points of Σ. Then the second variation of
the sub-Riemannian area can be computed as in [33] to obtain
d2
ds2

s=0
A(ϕs(Σ)) =
ˆ
Σ

Z( f )2− q f 2
	
(|Nh| dΣ),
where {ϕt}t∈R is the flow generated by U , Z is the characteristic vector field on Σ, and f =
〈U ,νh〉. The function q is defined by
q := 4

Z

〈N , T 〉
|Nh|

+
〈N , T 〉2
|Nh|
2

.
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Hence a first task is to extend the second variation formula to a C1 surface is to prove that the
function 〈N , T 〉/|Nh| is smooth when restricted to characteristic curves in Σ. This is done by
showing in Lemma 4.4(3) that the function 〈N , T 〉/|Nh| restricted to a characteristic straight line
satisfies the ordinary differential equation (4.3)
u′′+ 6u′u+ 4u3 = 0,
where the primes indicate derivatives with respect to the arc-length parameter on the char-
acteristic curve. This allows us to check the validity of the second variation formula (4.1)
in Theorem 4.1. It is important to mention that equation (4.3) is equivalent to the equation
DD′′ = 2 (D′ − 1)(D′− 2) on t-graphs, see the discussion in Remark 4.7.
Once the validity of the second variation formula (4.1) is established, we define a stable sur-
face as one satisfying inequality ˆ
Σ

Z( f )2 − q f 2
	
(|Nh| dΣ) ¾ 0,
for any continuous function f with compact support in the regular set of Σ and smooth in the
horizontal direction in Σ. Then we proceed as in the C2 case to parameterize the surface using
a seed curve Γ(ǫ), orthogonal to the characteristic curves, and the orthogonal straight lines with
vector ZΓ(ǫ). This way we produce a continuous parameterization
(ǫ, s) 7→ Γ(ǫ) + s ZΓ(ǫ),
whose main properties are studied in Lemma 4.4: it is smooth in the s-direction and almost ev-
erywhere smooth in the ǫ-direction. Using this parameterization and the technical Lemma 4.5
we are able to show in Theorem 5.1
Let Σ ⊂ H1 be a complete oriented stable surface of class C1 without singular
points. Then Σ is a vertical plane.
As an immediate consequence we shall prove in Corollary 5.2
Let Σ ⊂ H1 be a complete locally area-minimizing intrinsic graph of a C1 func-
tion. Then Σ is a vertical plane.
We have organized this paper into five Sections. Some preliminary results, terminology and
notation are in Section 2. The first variation formula and their consequences appear in Section 3,
while the second variation is treated in Section 4. The proof of the Stability Theorem and the
Bernstein result are in Section 5.
2. PRELIMINARIES
In this section we gather some results to be used in later Sections
2.1. The Heisenberg group. The Heisenberg group H1 is the Lie group R3 ≡ C×R, with product
[z, t] ∗ [z′, t ′] := [z+ z′, t + t ′+ Im(zz′)], [z, t], [z′, t ′] ∈ C×R.
Any p ∈ H1 produces a left translation defined lp(q) = p ∗ q. A basis of left invariant vector fields
is given by
X :=
∂
∂ x
+ y
∂
∂ t
, Y :=
∂
∂ y
− x
∂
∂ t
, T :=
∂
∂ t
.
The horizontal distributionH in H1 is the smooth planar distribution generated by X and Y .
We denote by [U ,V ] the Lie bracket of two C1 vector fields U and V on H1. Note that
[X , T] = [Y, T] = 0, while [X ,Y ] = −2T , so that H is a bracket-generating distribution.
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Moreover,H is nonintegrable by Frobenius theorem. The vector fields X and Y generate, at
every point, the kernel of the (contact) 1-form ω=−y d x + x d y + d t.
2.2. The left invariant metric. We shall consider on H1 the Riemannian metric g = 〈· , ·〉 so that
{X ,Y, T} is an orthonormal basis at every point. The restriction of g to H coincides with the
usual sub-Riemannian metric in H1. The orthogonal horizontal projection of a tangent vector U
ontoH will be denoted by Uh. A vector field U is horizontal if and only if U = Uh.
For any tangent vector U on H1 we define J(U) = DU T , where D is the Levi-Civita connection
associated to the Riemannian metric g. Then we have J(X ) = Y , J(Y ) = −X and J(T ) = 0, so
that J2 =−Id when restricted toH . It is also clear
(2.1) 〈J(U),V 〉+ 〈U , J(V )〉 = 0,
for any pair of tangent vectors U and V . The involution J : H → H together with the 1-form
ω =−y d x + x d y + d t, provides a pseudo-hermitian structure on H1, see [7, Sect. 6.4].
2.3. The pseudo-hermitian connection. In the Riemannian manifold (H1, g), we define the
pseudo-hermitian connection ∇ as the unique metric connection, [12, (I.5.3)], with torsion tensor
given by
(2.2) Tor(X ,Y ) := 2〈J(X ),Y 〉T.
For a more detailed introduction to ∇ and its properties see [22]. Here we only mention that
∇T ≡ 0 and observe that the difference between ∇ and the Levi-Civita connection D can be
computed using Koszul’s formulas for D and ∇ to obtain
DX Y −∇X Y = 〈Y, T 〉J(X ) + 〈X , T 〉J(Y )− 〈J(X ),Y 〉T.
2.4. Horizontal curves and Carnot-Carathéodory distance. Let γ : I → H1 be a piecewise C1
curve defined on a compact interval I ⊂ R. The length of γ is the usual Riemannian length
L(γ) =
´
I |γ˙(ǫ)| dǫ, where γ˙ is the tangent vector of γ. A horizontal curve γ in H
1 is a C1 curve
whose tangent vector always lies in the horizontal distribution. For two given points in H1 we can
find, by Chow’s connectivity theorem [31, Sect. 1.2.B], a horizontal curve joining these points.
The Carnot-Carathéodory distance dcc between two points in H
1 is defined as the infimum of the
length of horizontal curves joining the given points. The topology associated to dcc coincides with
the usual topology in R3, see [4, Cor. 2.6].
2.5. Geodesics in (H1, g). A geodesic in (H1, g) is a C2 curve γ such that the covariant derivative
of the tangent vector field γ˙ vanishes along γ.
Let γ(s) = (x(s), y(s), t(s)) be a horizontal geodesic. Dots will indicate derivatives with respect
to s. We write γ˙= x˙ X + y˙ Y + ( t˙ − x˙ y + x y˙) T . Since γ is a horizontal curve,
t˙ = x˙ y − x y˙ .
Then γ is a horizontal geodesic in (H1, g) if and only if
x¨ = y¨ = 0.
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Solving these equations with initial conditions (x(0), y(0), t(0)) = (x0, y0, t0) and ( x˙(0), y˙(0)) =
(A,B) we get
x(s) = x0 + As,
y(s) = y0 + B s,
t(s) = t0+ (Ay0− Bx0) s,
(2.3)
which is a horizontal straight line.
2.6. Geometry of surfaces in H1. Let Σ be a C1 surface immersed in H1. The singular set Σ0
consists of those points p ∈ Σ for which the tangent plane TpΣ coincides withHp. As Σ0 is closed
and has empty interior in Σ, the regular set Σ \Σ0 of Σ is open and dense in Σ. It was proved
in [21, Lemma 1], see also [2, Thm. 1.2], that, for a C2 surface, the Hausdorff dimension of
Σ0 with respect to the Riemannian distance on H
1 is less than or equal to one. In particular, the
Riemannian area of Σ0 vanishes. If N is a unit normal vector to Σ in (H
1, g), then we can describe
the singular set as Σ0 = {p ∈ Σ;Nh(p) = 0}, where Nh = N − 〈N , T 〉T . In the regular part Σ \Σ0,
we can define the horizontal Gauss map νh and the characteristic vector field Z , by
(2.4) νh :=
Nh
|Nh|
, Z := J(νh).
As Z is horizontal and orthogonal to νh, we conclude that Z is tangent to Σ. Hence Zp generates
TpΣ ∩Hp. The integral curves of Z in Σ \Σ0 will be called (oriented) characteristic curves of Σ.
They are both tangent to Σ and horizontal. If we define
(2.5) S := 〈N , T 〉νh − |Nh| T,
then {Zp,Sp} is an orthonormal basis of TpΣwhenever p ∈ Σ\Σ0. Moreover, for any p ∈ Σ\Σ0 we
have the orthonormal basis of TpH
1 given by {Zp, (νh)p, Tp}. From here we deduce the following
identities on Σ \Σ0
(2.6) |Nh|
2 + 〈N , T 〉2 = 1, (νh)
⊤ = 〈N , T 〉S, T⊤ = −|Nh|S,
where U⊤ stands for the projection of a vector field U onto the tangent plane to Σ. A seed curve
in Σ \Σ0 is an integral curve of the vector field S. Since S is continuous, existence of seed curves
is guarenteed, but not their uniqueness.
Given a C1 immersed surface Σ with a unit normal vector N , we define the sub-Riemannian
area of Σ by
(2.7) A(Σ) :=
ˆ
Σ
|Nh| dΣ,
where dΣ is the Riemannian area element on Σ. If Σ is a C2 surface bounding a set Ω, then A(Σ)
coincides with all the notions of perimeter of Ω and area of Σ introduced by other authors, see
[25, Prop. 2.14], [37, Thm. 5.1] and [25, Cor. 7.7].
We shall say that an immersed surface Σ ⊂ H1 is complete if it is complete in (H1, g). The
t-graph of a function u : Ω ⊂ {t = 0} → R is the set {(x , y,u(x , y)) : (x , y) ∈ Ω}. Given a vertical
plane Π, the intrinsic graph of the function u : Ω ⊂ Π → R is the Riemannian graph of u over
Ω ⊂ Π, see [1]. This means the set {expp(u(p)Np) : p ∈ Ω}, where expp is the Riemannian expo-
nential map in (H1, g) at p, and Np is a given unit normal to Π with respect to the Riemannian
metric g.
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Given a vector field U in H1, its horizontal tangent projection is
Uht := U − 〈U ,νh〉νh− 〈U , T 〉 T.
It is clear that Uht = 〈Z ,U〉 Z .
Given a vector field U in H1, we define its horizontal divergence on Σ \Σ0 by
(2.8) divh
Σ
U := 〈∇ZU , Z〉,
where ∇ is the pseudo-hermitian connection. The horizontal divergence can be defined for any
vector field smooth along horizontal curves in Σ.
3. FIRST VARIATION AND AREA-STATIONARY SURFACES
Let Σ ⊂ H1 be a C1 surface. We shall say Σ is area-stationary if, for any C1 vector field U in
H
1 with compact support such that supp(U) ∩ ∂Σ = ;, and associated one-parameter group of
diffeomorphisms {ϕs}s∈R, we have
d
ds

s=0
A(ϕs(Σ)) = 0,
where A is the sub-Riemannian area in H1. As shown in the first result, the first variation is
computable for any C1 surface Σ
Lemma 3.1. Let Σ ⊂ H1 be a C1 surface, possibly with non-empty boundary, and U ∈ C1 a vector
field with compact support and associated one-parameter group of diffeomorphisms {ϕs}s∈R. Then
(3.1)
d
ds

s=0
A(ϕs(Σ)) =
ˆ
Σ

− S〈U , T 〉 − 2 〈J(U),S〉+ |Nh| div
h
Σ
U
	
dΣ.
We remark that formula (3.1) is valid for any variation, even for those moving the boundary
of Σ.
Proof. Equation (3.1) is exactly [27, Lemma 3.4] for the case of the Heisenberg group H1. 
The following result will be very useful to obtain geometric properties of an area-stationary
surface
Lemma 3.2. Let Σ ⊂ H1 be an area-stationary surface of class C1 without singular points, and let
U any vector field in H1 of class C1. Then, for any subset Σ′ compactly contained in Σ with piecewise
C1 boundary ∂Σ′,
(3.2) 0=
ˆ
∂Σ′
〈〈U , T 〉S − |Nh|Uht ,ξ〉 d(∂Σ
′) +
ˆ
Σ

− S〈U , T 〉 − 2 〈J(U),S〉+ |Nh| div
h
Σ
U
	
dΣ.
where ξ is the unit inner conormal to ∂Σ′.
Proof. Let U be a C1 vector field in H1, and f a smooth function in H1 with compact support, cho-
sen so that supp( f )∩∂Σ = ;. Since Σ is area-stationary, the first variation of the sub-Riemannian
area with respect to the flow associated to f U is zero. From (3.1) this meansˆ
Σ
{−S〈 f U , T 〉 − 2 〈J( f U),S〉+ |Nh| div
h
Σ
( f U)} dΣ= 0.
This formula is also valid by approximation for Lipschitz functions on Σ, and can be rewritten as
(3.3) 0=
ˆ
Σ
〈W,∇Σ f 〉 dΣ+
ˆ
Σ
f g dΣ,
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where W is the tangent vector field −〈U , T 〉S + |Nh| 〈U , Z〉 Z = −〈U , T 〉S + |Nh|Uht , and g is the
continuous function −S〈U , T 〉 − 2 〈J(U),S〉+ |Nh| div
h
Σ
U .
Take now Σ′ ⊂ Σ relatively compact in Σ with C1 boundary. Consider the sequence of lipschitz
functions fǫ on Σ so that fǫ equals 1 on Σ
′, vanishes when the distance to Σ′ is larger than of
equal to ǫ and is a linear function of the distance to Σ′ in between. A standard argument using
the coarea formula for Lipschitz functions shows
(3.4) lim
ǫ→0
ˆ
Σ
〈W,∇Σ fǫ〉 dΣ =
ˆ
∂Σ′
〈W,ξ〉 d(∂Σ′),
where ξ is the inner unit normal to ∂Σ′. As the function g is continuous in Σ and the functions
fǫ are bounded, we can use the Dominated Convergence Theorem to show
(3.5) lim
ǫ→0
ˆ
Σ
fǫ g dΣ =
ˆ
Σ′
g dΣ,
since fǫ approaches the characteristic function of the set Σ
′. Taking limits, as ǫ → 0, in formula
(3.3) applied to f = fǫ, and using (3.4) and (3.5) together with the first variation formula (3.1),
we obtain (3.2). 
Recall that right-invariant vector fields in H1 are Killing fields for the left-invariant Riemann-
ian metric. They are linear combination, with constant coefficients, of the vector fields X − 2yT ,
Y +2xT and T . They induce one-parameter groups of isometries, for the left-invariant Riemann-
ian metric inH1, and are infinitesimal generators for one-parameter groups of contact transforma-
tions, see Liberman [36] and Korányi-Reimann [34, § 5.1]. Hence the associated one-parameter
groups of diffeomorphisms preserve the sub-Riemannian perimeter, and we obtain
Lemma 3.3. Let Σ ⊂ H1 be a C1 area-stationary surface without singular points. If U is a Killing
field and Σ′ is compactly contained in Σ with C1 boundary ∂Σ′, then
(3.6)
ˆ
∂Σ′
〈〈U , T 〉S − |Nh|Uht ,ξ〉 = 0,
where ξ is the unit inner conormal to ∂Σ′.
Remark 3.4. The main consequence of Lemma 3.3 is that the regular part of an area-stationary
t-graph Σ is foliated by horizontal straight lines. This result was first proved by Cheng, Hwang
and Yang [17], see Remark 3.4. We can use (3.6) to recover their result in the following way:
taking as Killing field U = T in Lemma 3.3, formula (3.6) readsˆ
∂Σ′
〈S,ξ〉 = 0.
Assume Σ is the graph of the C1 function u : Ω⊂ R2 → R. Simple computations allow us to write
the above formula as
(3.7)
ˆ
∂Ω′
〈V,ξ0〉 d(∂Ω
′) = 0,
where V = (∇u+ F)/|∇u+ F |, ∇ is the gradient in R2, F(x , y) = (−y, x), Ω′ ⊂ Ω is relatively
compact, and ξ0 is the Euclidean unit normal to ∂Ω
′. Using that the Euclidean modulus of V is
equal to 1, the classical Divergence Theorem, equality (3.7), and a calibration argument, we de-
duce that the trajectories of the vector field V⊥ locally minimize length. Hence they are Euclidean
straight lines, and their horizontal liftings are horizontal geodesics.
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The authors have tried to use formula (3.6) to extend Theorem A in [17] to arbitrary surfaces
of class C1 using different Killing vector fields. Unfortunately, the technique does not seem to
work. A proof using Calculus of Variations arguments is given below.
Theorem 3.5. The regular part of a C1 area-stationary surface Σ ⊂ H1 is foliated by horizontal
straight lines.
Proof. Given a point p ∈ Σ\Σ0, there exists a vertical plane Π through the origin so that an open
neighborhood B ⊂ Σ of p is an intrinsic graph over an open subset Ω ⊂ Π. Rotating Σ around the
t-axis we may assume that Π is the plane y = 0, and that B is the vertical graph Gu of a function
u : Ω→ R of class C1. This implies
Gu = {(x ,u(x , t), t − xu(x , t)) : (x , t) ∈ Ω}.
The tangent plane to any point in Gu is generated by the vectors
∂
∂ x
7→ (1,ux ,−u− xux ) = X + uxY − 2uT,
∂
∂ t
7→ (0,ut , 1− xut) = utY + T.
The “downward” pointing unit normal vector is then given by eN/|eN |, where
eN = (X + uxY − 2uT )× (utY + T ) = (ux + 2uut)X − Y + utT,
and × denotes the cross product with respect to the oriented orthonormal basis {X ,Y, T}. The
horizontal unit normal is given by νh = eνh/|eνh|, whereeνh = (ux + 2uut)X − Y,
and the characteristic direction by Z = eZ/|eZ |, where
eZ = J(eνh) = X + (ux + 2uut)Y.
Assume now that γ(s) = (x(s), t(s)) is a curve in Ω. Then
Γ(s) = (x(s),u(x(s), t(s)), t(s)− x(s)u(x(s), t(s)))⊂ Gu,
and we get
Γ′(s) = x ′ (X + uxY − 2uT ) + t
′ (utY + T ) = x
′X + (x ′ux + t
′ut)Y + (t
′− 2ux ′)T.
In particular, horizontal curves in Gu satisfy the ordinary differential equation t
′ = 2ux ′. Since
u ∈ C1(Ω), we have uniqueness of characteristic curves through any given point in Gu.
The jacobian of the map (x , t) 7→ (x ,u(x , t), t − xu(x , t)) can be easily computed and allows
us to express the Riemannian area element dΣ in terms of the Lebesgue measure d x d t of the
vertical plane
dΣ= (1+ u2
t
+ (ux + 2uut)
2)1/2d xd t = |eN | d xd t.
On the other hand, since
|Nh|=
(1+ (ux + 2uut)
2)1/2
|eN | ,
we obtain the following expression for the sub-Riemannian area of the intrinsic graph of the C1
function u : Ω→ R
(3.8) A(Gu) =
ˆ
Ω
(1+ (ux + 2uut)
2)1/2d x d t.
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Choose a C1 function ϕ with compact support in Ω and consider the variation of Gu by the
intrinsic graphs u+sϕ. This variation corresponds to moving the graph Gu under the action of the
vector field ϕY , where ϕ is considered as a function in H1 by means of the intrinsic orthogonal
projection on the plane Π. The derivative of the sub-Riemannian area is given by
(3.9) 0=
d
ds

s=0
A(Gu+sϕ) =
ˆ
Ω
ux + 2uut
(1+ (ux + 2uut)2)1/2
(ϕx + 2uϕt + 2ϕut) d x d t.
Assume the point p ∈ Gu corresponds to the point (a, b) in the x t-plane. The curve s 7→ (s, t(s))
is (a reparameterization of the projection of) a characteristic curve if and only if the function t(s)
satisfies the ordinary differential equation t ′(s) = u(s, t(s)). For ǫ small enough, we consider
the solution tǫ of equation t
′
ǫ(s) = 2u(s, tǫ(s)) with initial condition tǫ(a) = b + ǫ, and define
γǫ(s) := (s, tǫ(s)), with γ = γ0. We may assume that, for small enough ǫ, the functions tǫ are
defined in the interval [a− r, a+ r] for some r > 0. By Peano’s Theorem [32, Thm. 3.1], tǫ(s) is
of class C1 as a function of ǫ and s. Moreover, the function ∂ tǫ/∂ ǫ satisfies
(3.10)

∂ tǫ
∂ ǫ
′
(s) = 2ut(s, tǫ(s))

∂ tǫ
∂ ǫ

(s),
∂ tǫ
∂ ǫ
(a) = 1.
where ′ is the derivative with respect to the parameter s.
We consider the C1 parameterization
F(ξ,ǫ) := (ξ, tǫ(ξ)) = (s, t)
near the characteristic curve through (a, b). The jacobian of this parameterization is given by

1 t ′ǫ
0 ∂ tǫ/∂ ǫ
= ∂ tǫ∂ ǫ ,
which is positive because of the choice of initial condition for tǫ and the fact that the curves
γǫ(s) foliate a neighborhood of (a, b). This Jacobian is also differentiable in direction of ξ
by (3.10). Any function ϕ can be considered as a function of the variables (ξ,ǫ) by making
ϕ˜(ξ,ǫ) := ϕ(ξ, tǫ(ξ)). Changing variables, and assuming the support of ϕ is contained in a
sufficiently small neighborhood of (a, b), we can express the integral (3.8) asˆ
I
ˆ a+r
a−r
∂ u˜/∂ ξ
(1+ (∂ u˜/∂ ξ)2)1/2

∂ ϕ˜
∂ ξ
+ 2ϕ˜u˜t

∂ tǫ
∂ ǫ
dξ

dǫ,
where I is a small interval containing 0. Instead of ϕ˜, we can consider the function ϕ˜h/(tǫ+h− tǫ),
where h is a sufficiently small real parameter. We get that
∂
∂ ξ

h ϕ˜
tǫ+h− tǫ

=
∂ ϕ˜
∂ ξ
·
h
tǫ+h− tǫ
− 2ϕ˜ ·
u˜(ξ,ǫ+ h)− u˜(ξ,ǫ)
tǫ+h− tǫ
·
h
tǫ+h− tǫ
tends to
∂ ϕ˜/∂ ξ
∂ tǫ/∂ ǫ
−
2ϕ˜u˜t
∂ tǫ/∂ ǫ
,
when h→ 0. So using that Gu is area-stationary we have thatˆ
I
ˆ a+r
a−r
h
tǫ+h− tǫ
∂ u˜/∂ ξ
(1+ (∂ u˜/∂ ξ)2)1/2

∂ ϕ˜
∂ ξ
·+2ϕ˜ ·

u˜t −
u˜(ξ,ǫ+ h)− u˜(ξ,ǫ)
tǫ+h− tǫ

∂ tǫ
∂ ǫ
dξ

dǫ
vanishes. Furthermore, letting h→ 0 we concludeˆ
I
ˆ a+r
a−r

∂ u˜/∂ ξ
(1+ (∂ u˜/∂ ξ)2)1/2
∂ ϕ˜
∂ ξ

dξ

dǫ = 0.
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Let η : R→ R be a positive function with compact support in the interval I and consider the
family ηρ(x) := ρ
−1η(x/ρ). Inserting a test function of the form ηρ(ǫ)ψ(ξ), where ψ is a C
∞
function with compact support in (a−r, a+r), making ρ→ 0, and using that Gu is area-stationary
we obtain ˆ a+r
a−r
∂ u˜/∂ ξ
(1+ (∂ u˜/∂ ξ)2)1/2
(0,ξ)ψ′(ξ) dξ= 0
for any ψ ∈ C∞0 ((a− r, a+ r)). This implies that the quantity
∂ u˜/∂ ξ
(1+ (∂ u˜/∂ ξ)2)1/2
(0,ξ) =
ux + 2uut
(1+ (ux + 2uut)
2)1/2
(s, t(s))
is constant along the curve γ(s), and so it is (ux + 2uut). Hence Z is the restriction of a left-
invariant horizontal vector field to the characteristic curve passing through p. This implies that
the characteristic curve is a horizontal straight line. 
Remark 3.6. From the proof of Theorem 3.5 it is easy to check that there exists a unique char-
acteristic curve in a C1 surface Σ ⊂ H1 passing through any point p ∈ Σ \ Σ0, a result already
proved in [17, Thm. B’].
Indeed, using a rotation around the t-axis we may assume that, near p, the surface Σ is the
intrinsic graph of a C1 function u defined on an open set Ω of the vertical plane {y = 0}. The
computations in the first part of the proof of Theorem 3.5 imply that (a reparametrization of) the
projection of the characteristic curves to Ω satisfy the ordinary differential equation t ′ = 2ux ′.
This is equivalent to the system t ′ = 2u, x ′ = 1, whose solutions are integral curves of the C1
vector field
W =
∂
∂ x
+ 2u
∂
∂ t
.
This implies local uniqueness of the projection of the integral curves of Z and so local uniqueness
of such curves. Global uniqueness follows from an standard connectedness argument.
If Σ ⊂ H1 is any immersed oriented C1 surface such that the vectors Z and νh are C
∞ along
characteristic curves in the regular part of Σ, we define the mean curvature of Σ at any point
p ∈ Σ \Σ0, by
(3.11) H(p) := (divh
Σ
νh)(p),
where divh
Σ
(νh)(p) is defined by 〈∇Zνh, Z〉 as in (2.8). Theorem 3.5 implies that, in an area-
stationary surface, Z and νh are C
∞ along characteristic curves in the regular part of Σ.
Under these regularity hypothesis, we can be able to perform the following first variation
formula,
Proposition 3.7. Let Σ ⊂ H1 be an oriented C1 surface. Assume νh and Z are differentiable in the
Z-direction. Then the first variation of the area induced by a C1 vector field U such that supp(U)∩
Σ ⊂ Σ \Σ0 is given by
d
ds

s=0
A(ϕs(Σ)) = −
ˆ
Σ
〈U ,N〉H dΣ,
where H is defined in (3.11).
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Proof. We decompose U as U = 〈U ,νh〉νh+ 〈U , Z〉Z + 〈U , T 〉T , and observe that we can split the
first variation (3.1) as
d
ds

s=0
A(ϕs(Σ)) =−
ˆ
Σ
S(〈U , T 〉) dΣ+
ˆ
Σ
|Nh|div
h
Σ
(〈U ,νh〉νh) dΣ
+
ˆ
Σ
{−2〈U , Z〉〈J(Z),S〉+ |Nh|div
h
Σ
(〈U , Z〉Z)} dΣ.
We observe that all terms in the previous equation are well defined, as U ∈ C1 and Z and νh are
C1 in the Z-direction. We claim that the following integral equalities holdˆ
Σ
|Nh|div
h
Σ
(〈U ,νh〉νh) dΣ=
ˆ
Σ
|Nh|〈U ,νh〉〈∇Zνh, Z〉dΣ,ˆ
Σ
S(〈U , T 〉) dΣ=
ˆ
Σ
g(N , T )〈U , T 〉〈∇Zνh, Z〉dΣˆ
Σ
{−2〈U , Z〉〈J(Z),S〉+ |Nh|div
h
Σ
(〈U , Z〉Z)} dΣ = 0.
Indeed we can argue as in the proof of [27, Proposition 6.3] since, by [27, Remark 6.1], we can
approximate Σ by a family of smooth surfaces Σ j such that N j converges to N , (νh) j converges to
νh and {Z j ,S j} converge to {Z ,S}, in any compact subset of Σ, where the subscript j denotes the
vectors in the surface Σ j . Furthermore, we also have the convergence of the derivatives in the
Z j-direction of Z j and (νh) j to the derivatives in the Z-direction of Z and νh a on compact subsets
of Σ. In this way we can easily conclude the statement. 
Remark 3.8. Proposition 3.7 and the fact that characteristic curves are horizontal straight lines
imply that the mean curvature H vanishes in any regular point of an area-stationary surface Σ.
The following Lemma will be needed in the next section.
Lemma 3.9 (Divergence Theorem). Let Σ ⊂ H1 be an immersed oriented C1 surface and f , g ∈
C0(Σ \ Σ0) with compact support such that f is differentiable in the horizontal direction and g
twice differentiable in the horizontal direction. Assume Z and νh are also smooth in the horizontal
direction. Then we have
(3.12)
ˆ
Σ

Z( f ) Z(g) + f Z(Z(g)) + 2
〈N , T 〉
|Nh|
f Z(g)
	
(|Nh|dΣ) = 0.
Proof. When Σ is C2, it makes sense to compute from [27, Lemma 3.1 and Lemma 3.3]:
divΣ(|Nh| f Z(g)Z) = Z(|Nh|) f Z(g) + |Nh|Z( f )Z(g) + |Nh| f Z(Z(g)) + 2〈N , T 〉|Nh|
2 f Z(g)
+ 2〈N , T 〉3 f Z(g) +
〈N , T 〉
|Nh|
Z(〈N , T 〉) f Z(g)
= |Nh|Z( f )Z(g) + |Nh| f Z(Z(g)) + 2〈N , T 〉 f Z(g).
The general case follows by approximation as in the proof of [27, Proposition 6.3]. 
4. THE SECOND VARIATION FORMULA FOR AREA-STATIONARY SURFACES
In this Section, we shall prove the following second variation formula for area-stationary C1
surface
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Theorem 4.1. Let Σ ⊂ H1 be a complete oriented area-stationary surface of class C1, U a horizon-
tal C2 vector field with compact support in H1 and {ϕs}s∈R its associated one-parameter group of
diffeomorphisms. Then the second derivative of the sub-Riemannian area of the variation induced by
U is given by
(4.1)
d2
ds2

s=0
A(ϕs(Σ)) =
ˆ
Σ

Z( f )2− q f 2
	
(|Nh| dΣ),
where f = 〈U ,νh〉 and
(4.2) q := 4

Z

〈N , T 〉
|Nh|

+
〈N , T 〉2
|Nh|
2

.
Following the classical terminology, we shall say that a complete oriented area-stationary sur-
face Σ ⊂H1 is stable if ˆ
Σ

Z( f )2 − q f 2
	
(|Nh| dΣ) ¾ 0
holds for any continuous function f on Σwith compact support such that Z( f ) exits and is contin-
uous. The stability condition means that the second derivative of the sub-Riemannian perimeter
is non-negative for the given variations.
For a C1 surface Σ ⊂ H1 is not guaranteed that q is well defined. We need to show first that
the quantity u= 〈N , T 〉/|Nh| is smooth along horizontal lines.
Lemma 4.2. Given a, b ∈ R, the only solution of equation
(4.3) u′′+ 6u′u+ 4u3 = 0,
about the origin with initial conditions u(0) = a, u′(0) = b, is
(4.4) ua,b(s) :=
a+ (2a2 + b) s
1+ 2as+ (2a2 + b) s2
.
If ua,b(s) is defined for every s ∈ R then either a
2 + b > 0 or ua,b(s)≡ 0. Moreover
(4.5) u′
a,b(s) + ua,b(s)
2 =
a2+ b
(1+ 2as+ (2a2+ b) s2)2
.
Proof. The first part of the Lemma is just a direct computation using the uniqueness of solutions
for ordinary differential equations. For the second part, let us write ua,b(s) = p(s)/r(s), where
p(s) = a+(2a2+b) s, r(s) = 1+2as+(2a2+b) s2. If r(s) has no real zeroes, then the discriminant
−4a2−4b of the polynomial 1+2as+(2a2+ b) s2 must be negative. If r(s) has a zero s0, then we
must have p(s0) = 0 in order to have ua,b(s) well defined at s0. Hence ua,b(s) can be expressed as
the quotient of a constant over a degree one polynomial. From (4.4) we get ua,b = a (1+ 2as)
−1,
which has a pole unless a = 0, i.e., ua,b(s)≡ 0. Equation (4.5) is just a direct computation. 
Lemma 4.3. Consider a, b, ai , bi ∈ R, i ∈ N, so that uai ,bi , ua,b are defined on the whole real line
and the sequence uai ,bi converges pointwise to ua,b . Then a = limi→∞ ai , b = limi→∞ bi .
Proof. We first observe limi→∞ ai = limi→∞ uai ,bi (0) = ua,b(0) = a. For the second limit, we re-
mark that the sequence bi cannot have ∞ as an accumulation point since in this case uai ,bi (s)
would converge to 1/s near 0. Assume c is a finite accumulation point of the sequence bi , ob-
tained as the limit, when j → ∞, of the subsequence bi j . We first consider the case a 6= 0.
Evaluating at s = −1/(2a), we get
−
2ab
2a2 + b
= ua,b(−1/(2a)) = lim
j→∞
uai j ,bi j
(−1/(2a)) =−
2ac
2a2 + c
,
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what implies b = c. Hence b = limi→∞ bi . In case a = 0,
b
1+ b
= u0,b(1) = lim
j→∞
uai j ,bi j
(1) = lim
j→∞
ai j + (2a
2
i j
+ bi j )
1+ 2ai j + (2a
2
i j
+ bi j )
=
c
1+ c
,
what implies b = c. Hence b = limi→∞ bi . 
Lemma 4.4. Let Σ ⊂ H1 be a complete oriented area-stationary surface of class C1 without sin-
gular points, and let Γ : I → Σ be an integral curve of S. Define the parameterization F(ǫ, s) =
Γ(ǫ) + s ZΓ(ǫ) and let γǫ(s) = F(ǫ, s). Then we have
1. ZΓ(ǫ) is smooth for almost every ǫ ∈ I .
2. If ǫ is a regular point of ZΓ(ǫ), then F is differentiable at (ǫ, s) for all s ∈ R. Moreover, the
vector fields ∂ F/∂ s and ∂ F/∂ ǫ are orthogonal with respect to the left-invariant Riemannian
metric and
(4.6) Jac(F)(ǫ, s) = |Vǫ(s)|= |Nh(γǫ(s))|
−1|〈Vǫ(s), Tγǫ(s)〉|,
where Vǫ := ∂ F/∂ ǫ.
3. Along any geodesic γǫ(s), the function uǫ(s) = (〈N , T 〉/|Nh|)(γǫ(s)) satisfies the ordinary
differential equation (4.3).
4. If ǫ is a regular point of ZΓ(ǫ), then 〈Vǫ(s), Tγǫ(s)〉 = aǫ + bǫs+ cǫs
2, where
(4.7) aǫ =−|Nh|(Γ(ǫ)), bǫ =−2〈N , T 〉(Γ(ǫ)), cǫ = −|Nh|

Z

〈N , T 〉
|Nh|

+2
〈N , T 〉2
|Nh|
2

(Γ(ǫ)).
Proof. 1. Fix some ǫ0 ∈ I . For some s0 > 0, let us take a seed curve Γ1 satisfying Γ1(ǫ0) = γ(s0).
A continuity argument implies the existence of a small open interval J ⊂ I containing ǫ0, and
functions s : J → R and f : J → R so that f is monotone increasing and
Γ(ǫ) + s(ǫ) ZΓ(ǫ) = Γ1( f (ǫ)).
Hence s(ǫ) ZΓ(ǫ) = Γ1( f (ǫ))− Γ(ǫ) is smooth for almost every ǫ in a small interval near 0. Di-
viding s(ǫ) ZΓ(ǫ) by its Heisenberg modulus, which only involves the coordinates of ZΓ(ǫ) and the
smooth components of the curve Γ(ǫ), we conclude that ZΓ(ǫ) is smooth for almost every ǫ > 0 in
J . We conclude by covering I by a denumerable family of such intervals.
2. Let Γ(ǫ) = (x(ǫ), y(ǫ), t(ǫ)), and ZΓ(ǫ) = (a(ǫ), b(ǫ), c(ǫ)), so that
F(ǫ, s) = (x(ǫ) + sa(ǫ), y(ǫ) + sb(ǫ), t(ǫ) + sc(ǫ)).
Observe that (c− a y + bx)(ǫ) = 0 since ZΓ(ǫ) is horizontal. We always have
∂ F
∂ s
(ǫ, s) = a(ǫ)X F(ǫ,s) + b(ǫ)YF(ǫ,s).
If ZΓ(ǫ) is smooth at some value ǫ, we can compute
Vǫ(s) =
∂ F
∂ ǫ
(ǫ, s) =
 
x ′(ǫ) + sa′(ǫ)

X F(ǫ,s) +
 
y ′(ǫ) + sb′(ǫ)

YF(ǫ,s)
+
 
(t ′− x ′ y + x y ′)(ǫ) + 2 (a y ′− bx ′)(ǫ) s+ (ab′− a′b)(ǫ) s2

TF(ǫ,s).
(4.8)
The scalar product of ∂ F/∂ s and ∂ F/∂ ǫ can be easily seen to be equal to (ax ′+ by ′)(ǫ)+(aa′+
bb′)(ǫ) s, which is equal to 0 since Γ′(ǫ) = SΓ(ǫ) is orthogonal to ZΓ(ǫ) and |ZΓ(ǫ)|= 1. From these
properties equality Jac(F)(ǫ, s) = |Vǫ(s)| in (4.6) follows.
Since Vǫ(s) is orthogonal to Zγǫ(s), there exists a function f so that Vǫ = f S and so |Vǫ | = | f |.
On the other hand 〈Vǫ , T 〉 =− f |Nh|, from where the last equation of (4.6) follows.
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3. Assume first that ǫ is a regular point of ZΓ(ǫ). The vector Vǫ(s) is proportional to SF(ǫ,s) since
it is orthogonal to (∂ F/∂ s)(ǫ, s) = ZF(ǫ,s). Hence we have
〈N , T 〉
|Nh|
(F(ǫ, s)) =
〈Vǫ(s), J(ZF(ǫ,s))〉
〈Vǫ(s), Tγǫ(s)〉
=
(a y ′− bx ′)(ǫ)+ (ab′− a′b)(ǫ) s
(t ′− x ′ y + x y ′)(ǫ)+ 2 (a y ′− bx ′)(ǫ) s+ (ab′− a′b)(ǫ) s2
,
which is the function ua¯, b¯(s), for
a¯ =
(a y ′− bx ′)(ǫ)
(t ′− x ′ y + x y ′)(ǫ)
,
2a¯2 + b¯ =
(ab′− a′b)(ǫ)
(t ′− x ′ y + x y ′)(ǫ)
,
(4.9)
and hence it satisfies equation (4.3).
For arbitrary ǫ, consider a sequence of regular values ǫi of ZΓ(ǫ) with limi→∞ ǫi = ǫ. For every
i, there exist ai , bi ∈ R so that uai ,bi (s) = (〈N , T 〉/|Nh|)(γǫi (s)). Let u(s) = (〈N , T 〉/|Nh|)(γǫ(s)).
Since ui → u pointwise, we have ai = ui(0)→ u(0) = a. If the sequence {bi}i∈N were unbounded,
then uai ,bi should converge to 1/s near 0, which is clearly unbounded and yields a contradiction.
Hence bi is bounded, we can extract a convergent subsequence of uai ,bi to some ua,b, and the func-
tion u(s) = ua,b(s) is smooth along the horizontal line γ(s) and satisfies the ordinary differential
equation (4.3).
4. Observe that 〈Vǫ(s), Tγǫ(s)〉 can be computed from (4.8) with
aǫ = (t
′− x ′ y + x y ′)(ǫ), bǫ = 2 (a y
′− bx ′)(ǫ), cǫ = (ab
′− a′b)(ǫ).
We immediately obtain
aǫ = 〈SΓ(ǫ), TΓ(ǫ)〉= −|Nh|(Γ(ǫ)),
bǫ = 2 〈SΓ(ǫ , J(ZΓ(ǫ))〉 =−2 〈N , T 〉(Γ(ǫ)).
For cǫ , we have from (4.9)
Z

〈N , T 〉
|Nh|

+ 2
〈N , T 〉2
|Nh|
2

(Γ(ǫ)) =
(ab′ − a′b)(ǫ)
−|Nh|(Γ(ǫ))
.

Lemma 4.5. Let Σ ⊂ H1 be a complete oriented area-stationary surface of class C1. Consider a
characteristic geodesic γ : R→ Σ. Let p(s) = a+ bs+ cs2, where
a =−|Nh|(γ(0)), b =−2〈N , T 〉(γ(0)), c = −|Nh|

Z

〈N , T 〉
|Nh|

+ 2
〈N , T 〉2
|Nh|
2

(γ(0)).
If (q ◦ γ)(s) is not identically zero, then v(s) = |p(s)|1/2 is positive everywhere and satisfies
(4.10) ((v(s)−1)′)2 −
1
2
(v(s)−2)′′−
〈N , T 〉
|Nh|
(γ(s))(v(s)−2)′ =
q(γ(s))
4v(s)2
.
Proof. Since p(s) is a degree two polynomial, it has a zero if and only if b2 − 4ac < 0. A simple
computation shows
(4.11) b2 − 4ac = −4 |Nh|

Z

〈N , T 〉
|Nh|

+
〈N , T 〉2
|Nh|
2

(γ(0)),
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which is negative by Lemma 4.2 and (4.5).
To check equation (4.10), we compute (〈N , T 〉/|Nh|)(γ(s)) in terms of a, b, c, to obtain
〈N , T 〉
|Nh|
(γ(s)) =
(b/2) + cs
a+ bs+ cs2
.
A straightforward computation of the left side of (4.10), together with (4.11) and (4.5), yields
((v(s)−1)′)2−
1
2
(v(s)−2)′′−
〈N , T 〉
|Nh|
(γ(s))(v(s)−2)′ =
b2 − 4ac
4 (a+ bs+ cs2)3
=
q(γ(s))
4 v(s)2
,
what implies (4.10). 
Lemma 4.6. Let Σ ⊂ H1 be a complete oriented area-stationary surface of class C1, and γ : R→ Σ
be a characteristic geodesic parameterized by arc-length.
1. Either q(γ(s))> 0 for all s ∈ R or q(γ(s))≡ 0. If q(γ(s0)) = 0, then Tγ(s0) is tangent to Σ at
γ(s0).
2. If q ≡ 0 on Σ then Σ is a vertical plane.
Proof. To prove 1, observe that q(γ(s)) = 4 (u′(s) + u(s)2). Equation (4.5) implies
u′(s) + u(s)2 =
a2 + b
(1+ 2as+ (2a2 + b) s2)2
,
which is either positive or identically zero by Lemma 4.2. If q(γ(s0)) = 0 then 〈N , T 〉(γ(s0)) = 0
and so Tγ(s0) is tangent to Σ.
To prove 2, represent Σ locally as the intrinsic graph of a function u of class C1 over an open
domain of the plane y = 0. Since T is tangent to Σ we have ut ≡ 0. As Σ is foliated by character-
istic geodesics, ux is constant along the characteristic curves t
′ = 2ux ′. Together with condition
ut ≡ 0, this implies that ux is constant and so u(x , t) = ax , for some real constant a. This im-
plies that Σ is locally the image of (x , t) 7→ (x , ax , t − ax2), which is part of the vertical plane
y = ax . 
Remark 4.7. Given the t-graph of a C1 function u : Ω⊂ R2 → R, Cheng, Hwang and Yang proved
in [15, Thm. A] that the function D = ((ux − y)
2+(uy + x)
2)1/2 satisfies the diferential equation
(4.12) DD′′ = 2(D′ − 1)(D′ − 2),
where the prime symbol ′ denotes the derivative along the projection to t = 0 of the characteristic
vector field in the surface. Since the Riemannian unit normal of the t-graph of u is given by
N =
(ux − y)X + (uy + x)Y − T
(1+ (ux − y)
2+ (uy + x)
2)1/2
,
one can immediately check that D = |Nh|/〈N , T 〉 = u
−1 (in a t-graph, the Reeb vector field T
is never tangent to the surface). A simple computation then shows that (4.3) implies (4.12).
Equation 4.12 played a key role in [15] to obtain strong structure results of the singular set of an
area-stationary C1 surface and, in general, for weak solutions of the mean curvature equation.
Proof of Theorem 4.1. For every p ∈ Σ, we consider extensions E1(s), E2(s) of Zp, Sp along the
curve s 7→ ϕs(p) so that [Ei ,U] = 0, i.e., the vector fields Ei are invariant under the flow gener-
ated by U . They are smooth with respect to U .
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Denoting by V = 〈E1, T 〉 E2 − 〈E2, T 〉 E1 the horizontal Jacobian, see [27, Lemma 3.2], we get
from [27, Lemma 3.4] that
A(ϕs(Σ)) =
ˆ
Σ
|V (s)| dΣ
and
d2
ds2

s=0
A(ϕs(Σ)) =
ˆ
Σ
U(U(|V |)) dΣ,
as only C1 regularity of the surface is required. Since
U(U(|V |)) =−
1
|V |3
〈∇UV,V 〉
2 +
1
|V |

〈∇U∇UV,V 〉+ |∇UV |
2

=
1
|Nh|

|Nh|〈∇U∇UV, Z〉+ 〈∇UV,νh〉
2 + 〈∇UV, T 〉
2

,
at s = 0, we only need to compute the expressions 〈∇U∇UV, Z〉, 〈∇UV,νh〉
2, and 〈∇UV, T 〉
2 along
the curve s 7→ ϕs(p) and evaluate them at s = 0, corresponding to the point p. We have
∇UV = 2 〈J(U), Z〉〈N , T 〉νh − 2 〈J(U),S〉Z + |Nh|∇ZU ,
at p, what implies 〈∇UV, T 〉 = 0, and
〈∇UV,νh〉 = 2 〈U ,νh〉〈N , T 〉+ |Nh| Z(〈U ,νh〉).
On the other hand
〈∇U∇UV, Z〉 = 2 〈∇U E1, T 〉〈∇U E2, Z〉 − 2 〈∇U E2, T 〉〈∇U E1, Z〉
+ |Nh| 〈∇U∇UE1, Z〉 − 〈∇U∇U E2, T 〉,
at p, since
〈∇U Ei , T 〉 = 2 〈J(U), Ei〉, i = 1,2,
〈∇U Ei , Z〉 = 〈∇EiU , Z〉, i = 1,2,
〈∇U∇U Ei , T 〉 = 2 〈J(∇UU), Ei〉+ 2 〈J(U),∇EiU〉, i = 1,2,
〈∇U∇U Ei , Z〉 = 〈∇Ei (∇UU), Z〉, i = 1,2.
The above formulas follow from ∇U Ei = ∇EiU + 2 〈J(U), Ei〉 T since [Ei ,U] = 0 and from the
facts that U is horizontal and the curvature tensor associated to the connection ∇ vanishes. Us-
ing these formulas we get
〈∇U∇UV, Z〉 = 4 〈J(U), Z〉〈∇SU , Z〉 − 4 〈J(U),S〉〈∇ZU , Z〉
+ |Nh|〈∇Z (∇UU), Z〉 − 2 〈J(∇UU),S〉 − 2 〈J(U),∇SU〉.
Observe that ˆ
Σ

− 2 〈J(∇UU),S〉+ |Nh|〈∇Z (∇UU), Z〉
	
dΣ = 0
by the first variation formula (3.1) applied to the horizontal C1 vector field ∇UU . Hence we only
need to consider the integral over Σ of the remaining summands
(4.13)
1
|Nh|
 
4 〈U ,νh〉
2〈N , T 〉2 + 4 |Nh|〈N , T 〉〈U ,νh〉 Z(〈U ,νh〉) + |Nh|
2 Z(〈U ,νh〉)
2
+ 4 〈J(U), Z〉〈∇SU , Z〉 − 4 〈J(U),S〉〈∇ZU , Z〉 − 2 〈J(U),∇SU〉.
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Letting f = 〈U ,νh〉, the second term can be written as
2|Nh|
〈N , T 〉
|Nh|
Z( f 2) = 2|Nh|

Z

〈N , T 〉
|Nh|
f 2

− Z

〈N , T 〉
|Nh|

f 2

.
Integration by parts (
´
Σ
 
Z(h) + 2 〈N ,T 〉
|Nh|
h

|Nh|dΣ = 0) implies that the integral of the first two
terms in (4.13) is equal to
(4.14)
ˆ
Σ

4
〈N , T 〉2
|Nh|
2 f
2 + 2
〈N , T 〉
|Nh|
Z( f 2)

|Nh|dΣ =−2
ˆ
Σ
Z

〈N , T 〉
|Nh|

f 2 (|Nh|dΣ).
The integral in the third summand in (4.13) is equal to
(4.15)
ˆ
Σ
Z( f )2 (|Nh|dΣ).
The last three terms can be treated using Lemma 4.8. We approximate Σ by a family of C∞
surfaces Σi uniformly on the support of U . Let Hi be the mean curvature of Σi . From [27,
Lemma 6.2], Hi → 0 uniformly and Zi(〈Ni , T 〉/|(Ni)h|) uniformly converges to Z(〈N , T 〉/|Nh|.
Then the convergence of the integrals and Lemma 4.8 imply
(4.16)
ˆ
Σ

4 〈J(U), Z〉〈∇SU , Z〉 − 4 〈J(U),S〉〈∇ZU , Z〉 − 2 〈J(U),∇SU〉
	
|Nh|dΣ
=−
ˆ
Σ

2Z

〈N , T 〉
|Nh|

+ 4
〈N , T 〉2
|Nh|
2

f 2 |Nh|dΣ.
Using (4.14), (4.15) and (4.16) to evaluate (4.13) we obtain the second variation formula
(4.1). 
Lemma 4.8. Let Σ ⊂ H1 be an oriented surface of class C2 with mean curvature H. Let U be a C1
vector field in H1 with compact support so that supp(U)∩Σ0 = ;, and let f = 〈U ,νh〉, g = 〈U , Z〉.
Then
(4.17)
ˆ
Σ

4 〈J(U), Z〉〈∇SU , Z〉 − 4 〈J(U),S〉〈∇ZU , Z〉 − 2 〈J(U),∇SU〉
	
|Nh|dΣ
= −
ˆ
Σ

2Z

〈N , T 〉
|Nh|

+ 4
〈N , T 〉2
|Nh|
2

f 2 |Nh|dΣ+ 2
ˆ
Σ
〈N , T 〉
|Nh|
H f g (|Nh|dΣ).
Proof. The integrand in the left integral of (4.17) is given by
2 f 2〈∇Sνh, Z〉+ 2S( f g) + 4〈N , T 〉H( f g) + 4〈N , T 〉gZ(g)− 2g
2〈∇Sνh, Z〉,
where H is the mean curvature of the surface. Taking into account that
〈∇Sνh, Z〉 =−|Nh|Z

〈N , T 〉
|Nh|

− 2|Nh|
〈N , T 〉2
|Nh|
2 ,
see [27, Lemma 3.1 (v)] or [26, Lemma 3.11 (vii)-(viii)], we immediately see that the integrals
of the last two summands equalˆ
Σ

2
〈N , T 〉
|Nh|
Z(g2) + 2g2Z

〈N , T 〉
|Nh|

+ 4
〈N , T 〉2
|Nh|
2 g
2

(|Nh|dΣ) = 0.
To treat the second and third summand we take into account formula
´
Σ(S(h)+ h〈N , T 〉H) dΣ =
0, see [27, Lemma 3.3], so thatˆ
Σ
 
2S( f g) + 4〈N , T 〉H( f g)

dΣ= 2
ˆ
Σ
〈N , T 〉
|Nh|
H f g (|Nh|dΣ).
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This implies (4.17). 
Now we introduce the stability operator Q( f , f ).
Theorem 4.9. Let Σ ⊂ H1 be a complete oriented area-stationary surface of class C1. If Σ is stable,
then the operator
(4.18) Q( f , f ) :=
ˆ
Σ

Z( f )2− q f 2
	
(|Nh| dΣ),
is non-negative for all functions f ∈ C0(Σ \Σ0) with compact support of class C
1 in the horizontal
direction in Σ, where q is the function defined in (4.2).
Proof. We express νh as νh = gX+hY , with g,h continuous functions on Σ, differentiable in the Z-
direction and satisfying g2+h2 = 1. Let f˜ , g˜, h˜ continuous extensions of f , g,h in a neighborhood
of Σ and let f˜ǫ , g˜ǫ , h˜ǫ the standard mollifiers of f˜ , g˜ , h˜.
Since the vector fields Uǫ = fǫ(gǫX + hǫY ) ∈ C
∞
0 (Σ \Σ0) are horizontal, the non-negativity of
the second variation induced by Uǫ implies
0¶ lim
ǫ→0
ˆ
Σ

Z( fǫ(gǫ g + hǫh))
2 − q( fǫ(gǫ g + hǫh))
2	 (|Nh| dΣ)
=
ˆ
Σ

Z( f (g2 + h2))2− q( f (g2 + h2))2
	
(|Nh| dΣ) =Q( f , f ),
that allows us to conclude Q( f , f )¾ 0. 
5. STABLE C1 SURFACES WITHOUT SINGULAR POINTS
In this Section we shall prove the following result
Theorem 5.1. Let Σ ⊂H1 be a complete oriented stable surface of class C1 without singular points.
Then Σ is a vertical plane.
Proof. We shall follow the proof of [33, Thm. 4.7]. Inserting a test function of the form uv−1 in
the index form (4.1) and using formula (3.12) with f = u2, g= v−2 we get
Q(uv−1,uv−1) =
ˆ
Σ
v−2Z(u2) (|Nh| dΣ)
+
ˆ
Σ
u2

Z(v−1)2 −
1
2
Z(Z(v−2))−
〈N , T 〉
|Nh|
Z(v−2)

(|Nh| dΣ)
−
ˆ
Σ
q (uv−1)2(|Nh| dΣ).
(5.1)
Let Γ : I → Σ be a C1 seed curve (integral curve of S) defined on an open interval I ⊂ R.
Consider the parameterization F : I × R → Σ given by F(ǫ, s) := Γ(ǫ) + s ZΓ(ǫ) introduced in
Lemma 4.4, and let γǫ(s) = F(ǫ, s).
For every ǫ we consider the polynomial pǫ(s) = p(ǫ, s) = aǫ+ bǫs+ cǫs
2 defined in Lemma 4.5,
with coefficients
aǫ =−|Nh|(γǫ(0)), bǫ =−2〈N , T 〉(γǫ(0)), cǫ =−|Nh|

Z

〈N , T 〉
|Nh|

+ 2
〈N , T 〉2
|Nh|
2

(γǫ(0)).
The function p(ǫ, s) is continuous since the coefficients aǫ, bǫ . cǫ depend continuously on ǫ. The
first two ones because of the continuity of the unit normal vector N . The latter one because of
Lemma 4.4.
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Henceforth we assume q ◦ F > 0 on I ×R. Lemma 4.5 then implies pǫ < 0 for all ǫ. We define
the function vǫ(s) = v(ǫ, s) = |pǫ(s)|
1/2. Lemma 4.5 implies that vǫ satisfies equation (4.10) on
the geodesic γ= γǫ. For this particular function v, (5.1) and (4.10) imply
(5.2) Q(uv−1,uv−1) =
ˆ
Σ
v−2

Z(u2)−
3
4
q u2
	
(|Nh| dΣ).
For almost every ǫ, the Jacobian of F equals |Vǫ(s)|= |Nh(γǫ(s))|
−1|〈Vǫ(s), Tγǫ(s)〉| by Lemma 4.4.
Hence the sub-Riemannian area element on Σ takes the form
(5.3) |Nh| dΣ = |〈Vǫ(s), Tγǫ(s)〉| dǫ ds.
From Lemma 4.4(4), |〈Vǫ(s), Tγǫ(s)〉|= |v| for almost all ǫ. Hence (5.2) can be written as
(5.4) Q(uv−1,uv−1) =
ˆ
I×R

∂ u
∂ s
2
dǫ ds−
3
4
ˆ
I×R
q u2 dǫ ds.
Once we have obtained this second variation formula, we just make a choice of test function as
in the proof of Theorem 4.7 in [33, p, 591]: take a non-negative C∞ function φ : I → R with
φ(0) > 0 and compact support contained inside a bounded interval I ′ ⊆ I . Let ℓ := length(I ′),
and M a positive constant so that |φ′(ǫ)|¶ M for all ǫ ∈ I . For any k ∈ N we define the function
uk(ǫ, s) := φ(ǫ)φ(s/k).
so that uk ∈ C0(I
′× kI ′), and uk is C
∞ with respect to s. By Fubini’s Theorem
ˆ
I×R

∂ uk
∂ s
2
dǫ ds =
1
k2
ˆ
I ′
φ(ǫ)2 dǫ
 ˆ
kI ′
φ′(s/k)2 ds

¶
ℓM2
k
ˆ
I ′
φ(ǫ)2 dǫ,
which goes to 0 when k → ∞. Note also that {uk}k∈N pointwise converges when k → ∞ to
u(ǫ, s) = φ(0)φ(ǫ). Since q ¾ 0 by Lemma 4.6(1), we can apply Fatou’s lemma to obtain
lim inf
k→∞
ˆ
I×R
q u2
k
dǫ ds ¾
ˆ
I×R
q u2 dǫ ds.
We conclude from (5.4) that
limsup
k→∞
Q(ukv
−1,ukv
−1) =−
3
4
lim inf
k→∞
ˆ
I×R
q u2
k
dǫ ds ¶ −
3
4
ˆ
I×R
q u2 dǫ ds,
which is strictly negative by our assumption q ◦ F > 0 on I ×R. This way we obtain instability, a
contradicting arising from the assumption q ◦ F > 0. We conclude q ≡ 0 on Σ. By Lemma 4.6(2),
Σ is a vertical plane. 
A trivial consequence of Theorem 5.1 is the following
Corollary 5.2 (Bernstein Theorem for intrinsic graphs of C1 functions). Let Σ ⊂H1 be a complete
locally area-minimizing intrinsic graph of a C1 function. Then Σ is a vertical plane.
Remark 5.3. There are many examples of t-graphs of class C1 with singular points which are
area-minimizing in the Heisenberg group H1 [42].
Remark 5.4. Monti, Serra-Casanno and Vittone [38] gave an example of a complete area-minimi-
zing C1 surface, which is an intrinsic graph except over a vertical plane of a function C∞ out of a
given line, and it is not a vertical plane. Such a surface is one of the examples of area-minimizing
t-graphs given in [42]: uλ(x , y) = x y−λ
−1x |x |, λ > 0. It can be easily proved that such surfaces
are the intrinsic graphs of the functions vλ(y, t) = sgn(t)
p
λ|t| of class C0,1/2 over the vertical
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plane x = 0. The graph of vλ is not H-regular since its horizontal unit normal is not continuous
at t = 0.
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